Proposed Proof of Riemann Hypothesis

Aron Palmer

Abstract

Proposed proof of the Riemann hypothesis showing that positive decreasing contin-
uous function which tends to zero as t goes to infinity can’t have zeros of its Laplace
transform in the right half plane, extending the result to the two sided Laplace trans-
form and then showing that there is a representation of the Zeta function which
meets these criteria
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1 Analogue of the Polya theory

Polya produces a similar theory [1] except his is for positive increasing func-
tions and for this the integral can’t extend to infinity.

Given a real continuous positive decreasing function f(t) where

limy oo f(t) =0, f(t) >0 for t >0 and L& <0 for t >0

for which the following integral converges for some k& > 0

Ofoe*kt f@®)dt =7
0
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Then we have

oo

s [t dt=F0) = et f0) + [ e fydt+ [ i ar

= sL(f(t),s)

giving

e~ F(t) dt + / (et — 1)f'(t) dt
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Taking limit as b — oo gives

SL(f(t),s) = [(e7™" = 1) f'(t)dt

If we let s — ¢+ 1d where ¢ > 0 then we get

e}

(e=ct cos(dt) — 1) f/(t) dt —1 / (e=¢t sin(dt)) f'(t) di

0

sL(f(t),s) =

For ¢ > 0, e~ cos(dt) — 1 < 0 with equality only when ¢ = 0 or (¢ = 0 and
dt =2nm) where n is an integer.

Thus s L(f(t), s) has no zeros for R(s) > 0, (s # 0) because f'(t) is generally
< 0. We have just shown that any positive real decreasing function which
tends to zero as ¢ — oo has no zeros in the right half plane. This result also
clearly extends to any function whose any derivative satisfies these criteria.

2 Extension to two sided transform

We can now extend this result by considering

[e.e]

[ e e dt = L£07(0), )+ L7 (1), —s) = L2(/(2), )

—00

with the added conditions that f(¢) is even and that the integral converges
everywhere and that [5° f(¢)dt # 0



If we represent L(f(t),s) = Even(s)+ Odd(s) which we can do without loss
of generality since the full integral is obviously even. (Ewven(s) is an even
function, Odd(s) is an odd function) then

L(f(t),s)+ L(f(t),—s) =2 FEven(s)
L(f(1),s) — L(f(t),—s) =20dd(s)

Since [;° f(t)dt # 0 , if the one sided transform is a converging polynomial
then we can represent it by

8

L(f(t),s) = L(f(),0) [I(1 = s/N)

i=1

where \; are the zeros of the polynomial. So

3

L(f@),s) =k ]](1=s/\)

i=1

where k = [;° f(t) dt
From our earlier proof we know that $()\;) <0

When the two sided integral is zero we have

L2(f(t),s) =0= Even(s) =0

and so if one zeros is at c+1d,c >0
L(f(t),c+1d) = 0dd(c+1d), and

L(f(t),—c—1d) = Odd(—c —1d) = —0dd(c + 1d)

ie. L(f(t),c+1d)=—L(f(t),—c—1d), and
[L(f(#), e+ rd)| = [L(f(E), —c —d)|

But from our product formula |L(f(t),s)| = |k| TI2; [(1 — s/\;)| and since
we have no positive zeros the only way that the two moduli can be equal is if
R(N;) = 0 for all i. If this is the case then our polynomial has no zeros $(s) # 0
and thus Fven(s) cannot be zero off the imaginary axis and similarily the two
sided Laplace transform cannot be zero off the imaginary axis. We have thus
shown that for a real positive even decreasing function which tends to 0 as t



— 00 whose two sided transform is a converging polynomial over the whole
plane and whose integral is non zero has no zeros off the imaginary axis of its
two sided Laplace transform.

3 Towards Riemann

If we have h(e®) +e~®/? = h(e™®) + €*/? then we also have
—1/4h(e™™) +e " h (e +e 2" B (e ")

= —1/4h(e") + " B/ () + 2 W' (™)

and therefore if

g(z) = —1/4h(e™™) +e R (e™) + e 2“h"(e™)

we get g(x) = g(-x) If we now choose
226 2x_log() —1+@(e_a:_2)
N7
where ©(e™*) = 14+2 Y%, e | then

~1+0(e ")
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Therefore from the theory of elliptic functions

L8 ety _ )

—\/5”() NG VEO(eT™) = Va +h(7)
and thus

o ke & k(e

") - =gt ) - =

which we will choose to make j(¢). So j(t) = j(—t) and

(0) = Son(e) -

246*6‘“ FreSita (-3 4 2i%n)



So we know that j(t) is even. If we now look at the derivative by chosing a
function

iZr

y(t) = —467("?7)7% it (3 et — 247 77)

Then as t — —oo, y(t) ~ 8itx2e ¢ "7

which is a very small positive number and also

dz—ff) o (F)% (15¢" —30¢*" 7 + 8 )

which is zero when

t= log(—\/izw - \/gizw), t= log(\/i27r - \/%Z'Qﬂ'),
t= log(—\/i27r—|— \/%z'z ), t= 1og(\/i27r+ \/%z? )

Only two of these are real and the real ones only occur at ¢t < 0 when > 7 —
\/% i?m < 1ori< ——L— whose value is approximately equal to 1.00227.

™ % K

This means that the only term which can be decreasing for t < 0is thei =1
term. Since we know that the function is even we must have that the derivative
at t = 0 is 0. Thus at zero the negative gradient of the first term is equal to
the positive gradients of all the others. Since all the other terms gradients are
increasing and the first terms is becoming more negative this shows that there
can be no other point where j'(¢) is zero for ¢ < 0. Incidentally we know that

j(0) is finite since it is convergently

21 (=3+2m) ©'(e”™) N 470" (e™™)

er 62 T

~ 1.78679

Therefore j(t) is an even decreasing positive function which tends to zero as
t — —oo and therefore as t — oo

Now we have

j(t) = 246_672”2”_% it (—3 et +24° 7T)
i=1

and therefore

o0
—1-2s

/e“”j(t)dt:ﬂ T (L1 4 26)T(1/4(25 4 5))C(s +1/2)

—00




But we also have

—1-2s

AT (=14 28)D(1/4(25 + 5))C(s + 1/2) =

2

~I(1/4)¢(1/2)/ (41 [[(1 - s/p:)

=1

from the Hadamard product expression form of the Zeta function where p; are
the non-trivial zeros of ((1/2 + s) so we get

[e.o]

[ etiwat = —r/a¢(/2)/ ()
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We are nearly there now because all we need to show is that

o0

L(j(t),s) = / =sti(t) dt = Bven(s) + Odd(s)

0

can be expressed as a fully convergent polynomial.

We already know that Ewven(s) has this property so we need to show that
Odd(s) also has this property. If this were not the case, Odd(s) would have
poles. These would be mirrored around the imaginary axis (since Odd(s) =
—Odd(—s)) and since we can show that there are no poles for R(s) > 0 of

o0

L(j(1),s) = Even(s) + Odd(s) = / et (1) dt

0

from the decay of j(t), we know that Odd(s) can be represented as a full
convergent polynomial.

Now since j(t) satisfies all our criteria its two sided transform has no zero’s
off the imaginary axis which means that our Zeta function can have no zero’s
off the imaginary axis which proves the hypothesis.
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